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 ! &
 (·  ·  ·)"
• N1 ξ1−→
R−‖G‖R N2
ξ−→∗
R‖G‖R N3  ξ ∈ Negative" , # N1 /∈ P   ! +		 :
	 	  !"
> N3 ∈ P  N1 ξ−→+G1 N   γ(N1) ≤ ξ"
> N3 /∈ P  N1 ξ−→+G1 N3   N3 ∈ R \ P   # N3 ∈ Q  γ(N1) ≤ ξ"
;:
• N1 ξ1−→∗G‖R N2
ξ−→G‖{N} N   N1 /∈ R" < +		 :   N /∈ R   
N1
ξ−→+G1 N   γ(N1) ≤ ξ"

 (  	 

	 	 	" 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* P 
 Q  &
 
     
 N /∈ P ∪ Q 
 G   

 


   P   
 
 N  (  (G  P  N)|Q = ((P∪Q‖G)  P  N)
7  G′ = P∪Q‖G γ = (G  P  N)|Q  γ′ = (G′  P  N)" G	 
 
supp(γ′) ⊆ Sources(G′) \ P = Sources(G) ∩ Q ⊇ supp(γ)" ? 	    Q ! 		
∞"
  G1 = Q‖G‖P "  G′1 = Q‖G
′‖P " < G′ = P∪Q‖G  G1 = G′1"
?	  G2 = P‖G‖P  G′2 = P‖G
′‖P " , # G2 = G′2"
 G3 = P‖G‖{N}  G′3 = P‖G
′‖{N}" , # G3 = G′3"
 G4 = Q‖G‖{N}  G′4 = Q‖G
′‖{N}" , # G4 = G′4"
 	  N0 ∈ Q γ(N0)        	 ξ 
 
N0
ξ1−→G1 N1
ξ−→∗G2 N2  ξ  # 	 N0
ξ1−→G1 N1
ξ2−→∗G2 N2
ξ−→G3 N  	 N0
ξ−→G4 N "
<   #  
    
		      	 N0
ξ1−→G′1 N1
ξ−→∗G′2 N2
	 N0
ξ1−→G′1 N1
ξ2−→∗G′2 N2
ξ−→G′3 N 	 N0
ξ−→G′4 N " ? γ
′(N0) ≤ γ(N0)"  
#	 	
  γ(N0) ≤ γ′(N0)  		 γ(N0) = γ′(N0)" 
8	  .& ? -  0
* P 
 Q  &
 
    N0 /∈ P ∪ Q 
   N ∈ P ∪ {N0} γN  
 


 *   N ∈ P ∪ {N0} γ′N = γN |P∪Q G =
⋃
N∈P∪{N0}
(γN −→ N) 

G′ =
⋃
N∈P∪{N0}
(γ′N −→ N) (  (G  P  N0)|Q = (G′  P  N0)
    

    	#  !-
 	
 		" G	 
#  H
 
 	 	  	$ 	 #	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  "
7  .& 0
* G1 
 G2    

  	 
• N /∈ Sources(G1 ∪ G2)
• Targets(G1 ∪ G2) ⊆ P  {N}
• Targets(G1) # Sources(G2) 

• Targets(G2) # Sources(G1)
(  (G1 ∪ G2  P  N) = (G1  P  N) ∧ (G2  P  N)
7 G	  	  ! 	 #	 	 
  (Sources(G1) ∪
Sources(G2)) \ P "    &(   N ′   "   (G1 ∪ G2)+  
 G1 ∪ G2      G+1 ∪ G+2  
   
 
!  	 !
!	" G			 
 N /∈ Sources(G1 ∪ G2) 	  G  {(G1 ∪ G2), G1, G2} 
;
# P∪{N}−‖G+‖P = P−‖((G‖P )+)  P∪{N}−‖G+‖{N} = P−‖((G‖P )∗; G‖{N})" ? 	 
N ′ ∈ supp((G1 ∪ G2  P  N)) N ′ /∈ P ∪ {N} 
((G1 ∪ G2)  P  N)(N ′) =
min({χ | N ′ χ

−→+(G1∪G2) N ′′, N ′′ ∈ P} ∪ {ξ | N ′
ξ−→+(G1∪G2) N})
= min({χ | N ′ χ

−→
(G+1 ∪G+2 )
N ′′, N ′′ ∈ P} ∪ {ξ | N ′ ξ−→
(G+1 ∪G+2 )
N})
= min( {χ | N ′ χ

−→
G+1
N ′′, N ′′ ∈ P} ∪ {ξ | N ′ ξ−→
G+1
N} ∪
{χ | N ′ χ

−→
G+2
N ′′, N ′′ ∈ P} ∪ {ξ | N ′ ξ−→
G+2
N})
= min({χ | N ′ χ

−→
G+1
N ′′, N ′′ ∈ P} ∪ {ξ | N ′ ξ−→
G+1
N}) ∧
min({χ | N ′ χ

−→
G+2
N ′′, N ′′ ∈ P} ∪ {ξ | N ′ ξ−→
G+2
N})
= (G1  P  N)(N ′) ∧ (G2  P  N)(N ′).
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* G1 
 G2    

  	  Targets(G2) # P ∪ {N} 
 P‖(G1 ∪ G2) ⊆
(G1 ∪ G2)‖P∪{N} (  (G1 ∪ G2  P  N) = (G1  P  N)
7  γ = (G1∪G2  P  N)  γ′ = (G1  P  N)" 
    
Nodes(G2) # P ∪ {N}" )!#  # γ ≤ γ′"   ξ = γ(N ′) = ∞" 	 	 
!"
• N ′ ξ−→+(G1∪G2)‖P N
′′ 	  N ′′ ∈ P " < (G1 ∪ G2)‖P = G1‖P   N ′
ξ−→+G1‖P N ′′ 
γ′(N ′) ≤ ξ"
• N ′ ξ1−→∗(G1∪G2)‖P N1
ξ−→G1∪G2 N " <    
 !  G2  N ′
ξ1−→∗G1‖P
N1
ξ−→G1 N   γ′(N ′) ≤ ξ"

 ( 		 
	  
	 	 #	  	$ 	 #	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* P     
 
 N /∈ P    N ′ ∈ P ∪ {N}  γN ′    


 	
 N /∈ supp(γN ′) ( 
(
⋃
N ′∈P
(γN ′ −→ N ′) ∪ ((γN − 1) −→ N)  P  N) ≥ (
⋃
N ′∈P∪{N}
(γN ′ −→ N ′)  P  N) − 1.
7  G =
⋃
N ′∈P∪{N}
(γN ′ −→ N ′)  G′ =
⋃
N ′∈P
(γN ′ −→ N ′) ∪ ((γN − 1) −→ N)" 
γ = (G  P  N)  γ′ = (G′  P  N)" , #  	#  γ′ ≥ γ − 1" 7
N1 ∈ supp(γ′)   ξ = γ′(N1)" ,   N1 /∈ P   	 	  !%
• N1 ξ−→
+
G′‖P N2" < G
′‖P = G‖P   γ(N1) − 1 ≤ ξ − 1"
• N1 ξ1−→
∗
G′‖P N2
ξ−→G′‖{N} N "  ξ′ = γN (N2)" , # ξ = ξ′ − 1  N1
ξ1−→
∗
G‖P
N2
ξ′−→G‖{N} N   γ(N1) − 1 ≤ ξ′ − 1 ≤ ξ"
;;

 ( 		 
	   	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* P     
 
 N /∈ P    N ′ ∈ P ∪ {N}  γN ′    


 	
 N /∈ supp(γN ′) ( 
(
⋃
N ′∈P
(γN ′ −→ N ′) ∪ ((γN  1) −→ N)  P  N) ≥ (
⋃
N ′∈P∪{N}
(γN ′ −→ N ′)  P  N)  1.
7  G =
⋃
N ′∈P∪{N}
(γN ′ −→ N ′)  G′ =
⋃
N ′∈P
(γN ′ −→ N ′) ∪ ((γN  1) −→ N)" 
γ = (G  P  N)  γ′ = (G′  P  N)" , #  	#  γ′ ≥ γ  1" 7
N1 ∈ supp(γ′)   ξ = γ′(N1)" ,   N1 /∈ P   	 	  !%
• N1 ξ−→
+
G′‖P N2" < G
′‖P = G‖P   γ(N1)  1 ≤ ξ  1 ≤ ξ"
• N1 ξ1−→
∗
G′‖P N2
ξ−→G′‖{N} N "  ξ′ = γN (N2)" , # ξ = ξ′  1  N1
ξ1−→
∗
G‖P
N2
ξ′−→G‖{N} N   γ(N1)  1 ≤ ξ′  1 ≤ ξ"

 ( 		     
   &( 	 ξ"
7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* ξ   
   P    
 
 N /∈ P    N ′ ∈ P ∪ {N}  γN ′  
 


 	  N /∈ supp(γN ′) ( 
(
⋃
N ′∈P
(γN ′ −→ N ′) ∪ (ξ @ γN −→ N)  P  N) ≥ ξ @ (
⋃
N ′∈P∪{N}
(γN ′ −→ N ′)  P  N).
7  G =
⋃
N ′∈P∪{N}
(γN ′ −→ N ′)  G′ =
⋃
N ′∈P
(γN ′ −→ N ′) ∪ (ξ @ γN −→ N)" 
γ = (G  P  N)  γ′ = (G′  P  N)"  N1 ∈ supp(γ′)  ξ1 = γ′(N1)" ,  
N1 /∈ P   	 	  !"
• ' N1 ∞−→
+
G′‖P N2  !# γ(N1) = ∞  ξ @ γ(N1) = ∞"
• ' N1 ξ2−→
∗
G′‖P N2
ξ1−→G′ N   ξ1 = ξ @ γN (N2)"  N1
ξ2−→
∗
G‖P N2
γN (N2)−→ G N   
# γ(N1) ≤ ξ1  !  @ ξ @ γ(N1) ≤ ξ @ ξ1"

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  0  ∞"
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* P     
 
 N /∈ P    N ′ ∈ P ∪ {N}  γN ′    


 	
 N /∈ supp(γN ′) *  γ    


 	  γ ≤ ((
⋃
N ′∈P∪{N}
(γN ′ −→N ′)) 
P  N) 
 γ−1(0) = ∅ 
  γ′N = γN ∧ ∞| γN −1(0) ( 
γ ≤ ((
⋃
N ′∈P
(γN ′ −→ N ′) ∪ (γ′N −→ N))  P  N).
;=
7  γ′ = ((
⋃
N ′∈P
(γN ′ −→ N ′) ∪ (γ′N −→ N))  P  N). G	   N1 ∈ supp(γ′) 
ξ = γ′(N1)" , # N1 /∈ P   	 	  !"
• ' N1 ξ−→+‖P N2  !# γ(N1) ≤ ξ"
• ' N1 ξ1−→∗‖P N2
ξ−→ N  %
> ' ξ = γN (N1)  !# γ(N1) ≤ ξ"
> )	 γN (N1) = 0  γ(N1) < 0  γ(N1) = ∞"
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	
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* N /∈ P 
   N ′ ∈ P ∪ {N} 	 
   


 γN ′ 	  N /∈
supp(γN ′) * 
 G =
⋃
N ′∈P∪{N}
(γN ′ −→ N ′) 
 G′ = ((γN + 1) −→ N) ∪
⋃
N ′∈P
(γN ′ −→ N ′)
( 
(G  P  N) + 1 ≤ (G′  P  N).
7  G1 =
⋃
N ′∈P
(γN ′ −→ N ′)  G2 = (γN + 1) −→ N "
  γ = (G  P  N) + 1  γ′ = (G′  P  N)"
 N1 ∈ supp(γ′)" ,    γ(N1) ≤ γ′(N1)" ?  ( 
   G′ 

 
	!  γ′(N1)  &    		 	  G 
 
	!  γ(N1)"
	 	      G′ 
	!  γ′(N1)"
• N1 ξ−→
+
G′‖P N2" < G
′‖P = G‖P   	#	    
	!  γ′(N1) 
ξ = ∞  γ(N1) ≤ ξ + 1 = ∞ = ξ"
• N1 ξ1−→
∗
G′‖P N2
ξ−→G′‖{N} N "  ξ′ = γN (N2)" , # ξ = ξ′ + 1  N1
ξ1−→
∗
G‖P
N2
ξ′−→G‖{N} N   γ(N1) ≤ ξ′ + 1 = ξ"

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* N 
 N ′    
 P     
 G   

  

   P  

 
 N  	  N ′ /∈ Targets(G)

  G′ = GNN ′  (  (G′  P  N ′) = (G  P  N)
7  γ = (G  P  N)  γ′ = (G′  P  N ′)" 
  N, N ′ /∈ P   G‖P = G′‖P "
• G	  	# γ′ ≤ γ"  N1 ∈ supp(γ)" ,   N1 /∈ P "  ξ = γ(N1)" 	 	
 !"
> N1
ξ−→
+
G‖P N2  N2 ∈ P "         G′‖P   γ′(N1) ≤ ξ"
> N1
ξ−→
∗
G‖P N2
ξ−→G‖{N}   N2 ∈ P "  ! &   N2
ξ−→G′‖{N′}
N ′  γ′(N1) ≤ ξ"
•   	# γ ≤ γ′"  N1 ∈ supp(γ′)" ,   N1 /∈ P "  ξ = γ′(N1)" 	
	  !"
;
> N1
ξ−→
+
G′‖P N2  N2 ∈ P "         G‖P   γ(N1) ≤ ξ"
> N1
ξ−→
∗
G′‖P N2
ξ−→G′‖{N}   N2 ∈ P "  ! &    
N ′ /∈ Targets(G)  # N2 ξ−→G‖{N} N   γ(N1) ≤ ξ"

G  	#   	 		
# 
 	 #  	 		
# 	$
	 #	"
7 ; .(·  ·  ·)  0
 G1  G2 
 (G1  P  N) ≤ (G2  P  N)
7 G	  N ′ ∈ supp((G2  P  N)) (G2  P  N)(N ′) = ξ # N ′′ ∈ P ∪ {N}
   N ′
ξ−→+G2 N ′′" <  G1  G2 	 ( ξ′ ≤ ξ 
  N ′
ξ′−→+G2 N ′′ 
(G1  P  N)(N ′) ≤ (G2  P  N)(N ′)" 
$ %
	
 (   ! 	 
, &	 	#    	    ?
" "
=  .	  
, 0  Γ  e : τ / γ 
 dom(Γ′)#FV(e) 
 Γ+Γ′ 
e : τ / γ
=  .	    0  Γ + Γ′  e : τ / γ 
 dom(Γ′) # FV(e)

 Γ  e : τ / γ
<  	 	# 			 ! 
   	#"
=  .-   
, 0  γ′ ≤ γ 
 Γ  e : τ / γ 
 Γ  e : τ / γ′
7 , 	 ! 
    	#  ! 
     	 "
•  	   " < 	#  ≤  	"
•  " < 
 "
•   e = λx.e1" A#   	  #  	#  Γ + {x : τ1} 
e1 : τ2 / (γ  1)〈x → ξ〉  τ = τ1 ξ−→ τ2" < !  @ (γ′  1) ≤ (γ  1) 
(γ′  1)〈x → ξ〉 ≤ (γ  1)〈x → ξ〉   ! 
   #  	# 
Γ + {x : τ1}  e1 : τ2 / (γ′  1)〈x → ξ〉"  (
 	  ! 	 
 
	 "

= " .-     0  Γ  e : τ / γ P ⊇ FV(e) 
 γ′|P = γ|P 

 Γ  e : τ / γ′
7 < 
    	#  e  ! 
    	 "
•   e = y" 	#"
•   e = λx.e1" <  
> Γ + x : τ1  e1 : τ2 / (γ  1)〈x → ξ〉
;>
> τ = τ1
ξ−→ τ2"
,   γ  γ′ 

  P ⊇ FV(e)  (γ1)〈x → ξ〉  (γ′1)〈x → ξ〉 


 P ∪{x} ⊇ FV(e)∪{x}   

  FV(e1) ⊆ FV(e)∪{x}" < 
 
 
 Γ + {x : τ1}  e1 : τ2 / (γ′  1)〈x → ξ〉  ! 	  Γ  e : τ / γ′"
•   e = e1 e2" <  %
> Γ  e1 : τ ′ ξ−→ τ / γ1
> Γ  e2 : τ ′ / γ2
> γ ≤ (γ1  1) ∧ ξ @ γ2"
 γ′1 = γ1|P  γ
′
2 = γ2|P " < 
   	# Γ  e1 : τ ′ ξ−→ τ / γ′1 
Γ  e2 : τ ′ / γ′2" ?  		  	
	
  	# 	 Γ  e : τ / γ′   # 
 γ′ ≤ ((γ′1  1) ∧ ξ @ γ′2)" <
(γ′1  1) ∧ ξ @ γ′2 = (γ1|P  1) ∧ ξ @ γ2|P
= ((γ1  1) ∧ ξ @ γ2)|P
≥ γ|P
= γ′|P
≥ γ′.
•  	 e = let rec b in e1" <    #
>  	 res 
> dom(Γb) = dom(b)
> 	  x ∈ dom(b) Γ + Γb  b(x) : Γb(x) / γx
>  
  $
> Γ + Γb  e1 : τ / γe
> Gb =
⋃
x∈dom(b)
γx −→ x
> G = Gb ∪ γe −→ res 
> λ◦ (Gb, b)
> γ ≤ (G  dom(b)  res)"
 #	! res 
 ! 
   	  γ′"  Q = dom(b)  γres = γe"
 	 
 x ∈ Q∪ {res} γ′x = γx|Q∪P  G′b =
⋃
x∈Q
γ′x −→ x  G′ = G′b ∪ (γ′e −→ res)" ,

  G 
⋃
x∈Q∪{res}
γx −→ x"
< 
   	# 	  x ∈ dom(b) Γ + Γb  b(x) : Γb(x) / γ′x 
Γ + Γb  e1 : τ / γ′res "  	#	 G′b ⊆ Gb  λ◦ (G′b, b) " G			  

 $  " ' 	
	  x ==[?]  γx−1(0) = ∅  γ′x−1(0) = γx|P∪Q−1 = ∅"
G ! *		 :  # (G  Q  res)|P = (G′  Q  res)"  	#	 ! 
  # γ| P ≤ (G  Q  res)|P   γ|P ≤ (G′  Q  res)" < ! 
γ|P = γ′|P   γ′ ≤ γ′| P ≤ (G′  Q  res) 
 #   	   	#
Γ  e : τ / γ′"
•  " , #  	#   
dom(I) = dom(s) γ ≤ γ′ + 1 ∀X ∈ dom(s), Γ  s(X) : I(X) / γ′
Γ  e : τ / γ
 τ = {I}  e = {s}"
< 
   	# 	  X ∈ dom(s) Γ  s(X) : I(X) / γ′|P    
Γ  e : τ / γ′|P + 1" < γ′|P + 1 = (γ′ + 1)|P ≥ γ|P  
 #  (
 	"
;@
•   e = e1.X " , #  	#   
X ∈ dom(I) γ ≤ γ1 − 1 Γ  e1 : {I} / γ1
Γ  e : I(X) / γ
< 
   γ′1 = γ1|P   	# Γ  e1 : {I} / γ′1"   
  	
   ! Γ  e : τ / γ′1−1" <  γ′1−1 = γ1|P −1 = (γ1 − 1)|P ≥ γ|P 

 #  (
 	"

  
)* !

,  (  	 !-
 	
 		 
   	
 		#
" , !    H
 
		
 
   	
  		# !
	"
7  .(  0
* b   

 
 P = dom(b) * G1 
 G2    

  	 
Targets(G2) # Sources(G1) ∪ P  (  λ◦ (G1 ∪ G2, b) ) λ◦ (G1, b)
7  	
 λ◦ (G1 ∪ G2, b)  

	     P  
  

 

!  (G+)∞  predb  b" <% 
   
      G2

 Targets(G2) # P         G1" F#	  Targets(G2) # Sources(G1) 
  G1 
 ! 	
 !    G2   

	  	    G1  
λ◦ (G1 ∪ G2, b)  #  λ◦ (G1, b)" 
(  	#  
	
 	 		# "
=  .)@ 0
 e1 e2 
 Γ  e1 : τ / γ 
 Γ  e2 : τ / γ
7 < 
   	
 	"
•    e1 = {s}.X  e2 = s(X)"
, #  	#   
∀Y ∈ dom(s), Γ  s(Y ) : I(Y ) / γ′′ γ′ ≤ γ′′ + 1
Γ  {s} : {I} / γ′ γ ≤ γ′ − 1
Γ  {s}.X : I(X) / γ
? γ ≤ γ′ − 1 ≤ γ′′ + 1 − 1 = γ′′ 
 #  	 	"
•   e1 = (λx.e) v e2 = let rec x=[?] v in e x /∈ FV(v)" <   # 
	#   
"""
Γ + {x : τv}  e : τ / (γ1  1)〈x → ξ〉
Γ  λx.e : τv ξ−→ τ / γ1
"""
Γ  v : τv / γv
Γ  e1 : τ / γ
 
 γ ≤ (γ1  1) ∧ ξ @ γv" 7 	 #	 	  & 	  
 
""""  x /∈ supp(γv) ! α
#	  
 res 	"   	
	
  
	# 	 e2  γe = (γ1  1)〈x → ξ〉  G = (γv −→ x) ∪ (γe −→ res)" G	  #
(γ1  1)\x = (γ1  1)〈x →∞〉 = γe\x ≥ γ1  1"
;C
> ' ξ = ∞   # G+ = G 
(G  {x}  res) = if∞(γv) ∧ γe
= if∞(γv) ∧ γe\x
≥ (γ1  1) ∧ if∞(γv)
≥ γ.
> )	  x, res /∈ supp(γv)  # G+ = G∪{y ξ−→res | y ∈ supp(γv)}" 		
(G  {x}  res) = if∞(γv) ∧ γe\{x} ∧ ξ| supp(γv) = γe\{x} ∧ if∞(γv) ∧ (ξ{γv}) =
γe\{x} ∧ ξ @ γv" <  #   γe\x ≥ γ1  1   γ ≤ (γ1  1) ∧ ξ @ γv 
# γ ≤ γe\x ∧ ξ @ γv"
•  	
" e1 = L [let rec b in e3] e2 = let rec b in L [e3]  dom(b) # FV(L )" <

    
( L "
> L =  e4" , #   	#   
λ◦ (Gb, b) Γ + Γb  e3 : τ ′ ξ−→ τ / γe3
Γ + Γb  b : Γb / Gb
Γ  let rec b in e3 : τ ′ ξ−→ τ / γ1
"""
Γ  e4 : τ ′ / γ2
Γ  (let rec b in e3) e4 : τ / γ
 

∗ res 	
∗ dom(Γb) = dom(b)
∗ Gb =
⋃
x∈dom(b)
(γx −→ x)
∗ G = Gb ∪ (γe3 −→ res)
∗ γ1 ≤ (G  dom(b)  res)
∗  γ ≤ (γ1  1) ∧ ξ @ γ2"
< α
#	  
   supp(γ2) # dom(b) ∪ {res}" <  : 

 	# Γ + Γb  e4 : τ ′ / γ2   ! 	  Γ + Γb  e3 e4 : τ / γ′
 γ′ = (γe3  1) ∧ ξ @ γ2" ?  		  	# Γ  e2 : τ / γ   G′ =⋃
x∈dom(b)
(γx −→ x) ∪ (γ′ −→ res)"
,  #  	#  γ ≤ (G′  dom(b)  res)" G	   	 G′ 
"
G′ = Gb ∪ (((γe3  1) ∧ ξ @ γ2) −→ res)
= Gb ∪ ((γe3  1) −→ res) ∪ (ξ @ γ2 −→ res)
= G3 ∪ G4,
 G3 = Gb ∪ ((γe3  1) −→ res)  G4 = ξ @ γ2 −→ res " , #
∗ res /∈ Sources(G3 ∪ G4)
∗ Targets(G3 ∪ G4) ⊆ dom(b)  {res}
∗ Targets(G3) ⊆ (dom(b) ∪ {res}) # supp(γ2) = Sources(G4)
∗  Targets(G4) ⊆ {res} # Sources(G3)"
		  
  +		 :  ! (G′  dom(b)  res) = (G3 
dom(b)  res) ∧ (G4  dom(b)  res)" )!#  # (G4  dom(b)  res) =
ξ @ γ2"
 	#	 ! +		 :  #
(G3  dom(b)  res) ≥ (G  dom(b)  res)  1.
;B
F
 !  @  #
γ1  1 ≤ (G  dom(b)  res)  1
≤ (G3  dom(b)  res).
?
(γ1  1) ∧ ξ @ γ2 ≤ (G3  dom(b)  res) ∧ ξ @ γ2
≤ (G3  dom(b)  res) ∧ (G4  dom(b)  res)
≤ (G′  dom(b)  res).
?    	%
γ ≤ (γ1  1) ∧ ξ @ γ2 ≤ (G′  dom(b)  res),

 #  	 	"
> L = v " , #   	#   
"""
Γ  v : τ ′ ξ−→ τ / γ1
Γ + Γb  e3 : τ ′ / γe3
Γb + Γb  b : Γb / Gb λ◦ (Gb, b)
Γ  let rec b in e3 : τ ′ / γ2
Γ  v (let rec b in e3) : τ / γ
 

∗ res 	
∗ dom(Γb) = dom(b)
∗ Gb =
⋃
x∈dom(b)
(γx −→ x)
∗ G = Gb ∪ (γe3 −→ res)
∗ γ2 ≤ (G  dom(b)  res)
∗  γ ≤ (γ1  1) ∧ ξ @ γ2"
< α
#	  
   supp(γ1) # dom(b) ∪ {fresh}" <  : 
	# Γ + Γb  v : τ ′ ξ−→ τ / γ1" ? ! 	  Γ + Γb  v e3 : τ / γ′ 
γ′ = (γ1  1) ∧ ξ @ γe3 "
?  		  	# Γ  e2 : τ / γ   G′ = Gb ∪ (γ′ −→ res)    #
 	#  γ ≤ (G′  dom(b)  res)" G	   G3 = Gb ∪ (ξ @ γe3 −→ res) 
G4 = (γ1  1) −→ res" , # G′ = Gb ∪ (((γ1  1) ∧ ξ @ γe3) −→ res) = G3 ∪ G4"
< +		 :  res /∈ Sources(G′) Targets(G′) ⊆ dom(b) ∪ {res} Targets(G3) ⊆
dom(b) ∪ {res} # Sources(G4) = supp(γ1)  Targets(G4) ⊆ {res} # Sources(G3) 
# (G′  dom(b)  res) = (G3  dom(b)  res) ∧ (G4  dom(b)  res)"
 γ0 = (G3  dom(b)  res)  
 (G4  dom(b)  res) = γ1  1"  
- #  	# γ0 ≥ ξ @ γ2" < ! +		 :>  # γ0 ≥ ξ @ (G  dom(b) 
res) 
 #  	 	 !  @"
> L = .X " , #   	#   
γ ≤ γ1 − 1 X ∈ dom(I)
Γ′  e3 : {I} / γe3 Γ′  b : Γb / Gb λ◦ (Gb, b)
Γ  let rec b in e3 : {I} / γ1
Γ  e1 : I(X) / γ

∗ res 	
∗ Γ′ = Γ + Γb
∗ dom(Γb) = dom(b)
∗ G = Gb ∪ (γe3 −→ res)
∗  γ1 ≤ (G  dom(b)  res)"
=
, 
 	
	

Γ′  e3 : {I} / γe3
Γ′  e3.X : I(X) / (γe3 − 1) Γ′  b : Γb / Gb λ◦ (Gb, b)
Γ′  e′ : I(X) / γ′
	
∗ γ′ = (G′  dom(b)  res)
∗  G′ = Gb ∪ ((γe3 − 1) −→ res)"
,  - #  	#  γ′ ≥ γ"
< γ ≤ γ1 − 1 ≤ (G  dom(b)  res) − 1 
 ! +	" :=  		  ((Gb ∪
((γe3 − 1) −→ res))  dom(b)  res) 
  (
 γ′"

  	  	#   ! 	
 	 		# " , !  
	  	 	"
7  .   0
 e1
−→ e2 
 Γ  e1 : τ / γ 
 Γ  e2 : τ / γ
7 ,   e1 = let rec bv, x0  (let rec b1 in e3), b2 in e4 
e2 = let rec bv, b1, x0  e3, b2 in e4"  b = (bv, x0  (let rec b1 in e3), b2) 
b′ = (bv, b1, x0  e3, b2)" ,   dom(b1) # dom(b) ∪ FV(b) ∪ FV(e4)" , #  
	#   
Γ + Γb  e4 : τ / γe4 Γ + Γb  b : Γb / Gb λ◦ (Gb, b)
Γ  e1 : τ / γ

• res 	
• dom(Γb) = dom(b)
• Gb =
⋃
x∈dom(b)
(γx −→ x)
• G = Gb ∪ (γe4 −→ res)
•  γ ≤ (G  dom(b)  res)"
< α
#	  
  supp(γ) # dom(b) ∪ {res} ∪ dom(b1)" G	 x0  let rec b1 in e3
 #
Γ + Γb + Γb1  e3 : Γb(x0) / γe3 Γ + Γb + Γb1  b1 : Γb1 / Gb1 λ◦ (G0, b1)
Γ  let rec b1 in e3 : Γb(x0) / γx0

• res0 	
• dom(Γb1) = dom(b1)
• Gb1 =
⋃
y∈dom(b1)
(γy −→ y)
• G0 = Gb1 ∪ (γe3 −→ res0)
=:
•  γx0 ≤ (G0  dom(b1)  res0)"
 G′b = Gb‖−{x0} ∪ (γe3 −→ x0) ∪ Gb1  G′ = G′b ∪ (γe4 −→ res)"
<   ! Γ + Γb + Γb1  ex : Γb(x) / γx 	  x ∈ dom(b) \ {x0}" G		 
  	  x ∈ dom(b′) \ {x0}  x ==[?]  γx−1(0) = ∅" G	 x0  x0 ==[?]  
γ′e3 = γe3 ∧ ∞| γe3−1(0)" < 	   # Γ + Γb + Γb1  e3 : Γb(x0) / γ′e3   !
+		 :@  ! γx0 ≤ (Gb1 ∪ (γ′e3 −→ res0)  dom(b1)  res0)" ? """"  
 
 γe3
−1(0) = ∅"
?  		  	# Γ  e2 : τ / γ  - #  	#  γ ≤ (G′  dom(b′)  res) 
λ◦ (G′b, b′)"
 G′0 = Gb1 ∪ (γe3 −→ x0) γ0 = (G0  dom(b1)  res0)  γ′0 = (G′0  dom(b1)  x0)"
  G1 =
⋃
x∈dom(b)\{x0}
(γx −→ x) ∪ (γ0 −→ x0) ∪ (γe4 −→ res)  G2 =
⋃
x∈dom(b)\{x0}
(γx −→
x) ∪ (γ′0 −→ x0) ∪ (γe4 −→ res)"
<  # G0 = G0x0res0   ! +		 :B γ0 = γ′0  G1 = G2"
   ( (G′  dom(b1)  x0)"  G3 =
⋃
x∈dom(b)\{x0}
(γx −→ x) ∪ (γe4 −→ res)"
, # G′ = G′0 ∪ G3  Targets(G3) # dom(b1) ∪ x0  ! +		 :; (G′  dom(b1) 
x0) = (G′0  dom(b1)  x0) = γ′0" G		 G3 = G′‖−dom(b1)∪{x0} = dom(b1)−‖G′‖−dom(b1)∪{x0} 
 G2 = G3 ∪ (γ′0 −→ xo)  # G2 = Internalize(G′, dom(b1), x0)"   
   B
 ! (G2  dom(b)  res) ≤ (G′  dom(b′)  res)"
< G1 = G2  (G1  dom(b)  res) = (G2  dom(b)  res)" G		   
γx0 ≤ γ0  G  G1  γ ≤ (G  dom(b)  res) ≤ (G1  dom(b)  res)  &
γ ≤ (G′  dom(b′)  res)"
  	# λ◦ (G′b, b′)" , # γx0 ≤ γ′0  Gb  Gb‖−{x0} ∪ (γ′0 −→ x0) =
Internalize(G′b, dom(b1), x0)" <  (Gb,b)   (Internalize(G′b, dom(b1), x0),b)" G		 
    	 	   dom(b1)   #  (Internalize(G′b, dom(b1), x0),b′)"
 	#	 dom(b1)‖G
′
b‖ dom(b1) ⊆ dom(b1)‖Gb1‖ dom(b1) ⊆ Gb1 " ? 
  (Gb1 ,b′)  !
 (dom(b1)‖G′b‖ dom(b1),b1)"   
   C  !  (G′b, b′)" G
 (predb′ ,b′)  	    b′   (predb ,b)   (predb1 ,b1)"

, 
  (	 	"
7  .12   0
 e1
−→ e2 
 Γ  e1 : τ / γ 
 Γ  e2 : τ / γ
7 ,   e1 = let rec bv in let rec b in e3  e2 = let rec bv, b in e3" , #
  	#   
Γ + Γbv  let rec b in e3 : τ / γb Γ + Γbv  bv : Γbv / Gbv λ◦ (Gbv , bv)
Γ  e1 : τ / γ

• res 	
• dom(Γbv ) = dom(bv)
• Gbv =
⋃
x∈dom(bv)
(γx −→ x)
• Gv = Gbv ∪ (γb −→ res)
•  γ ≤ (Gv  dom(bv)  res)"
=
G	 Γ + Γbv  let rec b in e3 : τ / γb  #
Γ + Γbv + Γb  e3 : τ / γe3 Γ + Γbv + Γb  b : Γb / Gb λ◦ (Gb, b)
Γ  let rec b in e3 : τ / γb

• res0 	
• dom(Γb) = dom(b)
• Gb =
⋃
y∈dom(b)
(γy −→ y)
• G = Gb ∪ (γe3 −→ res0)
•  γb ≤ (Gb  dom(b)  res0)"
 b′ = bv, b  G′b = Gbv ∪ Gb  G′ = Gb ∪ (γe3 −→ res0)"    	#  
	# Γ  e2 : τ / γ 	  	#  λ◦ (G′b, b′)  γ ≤ (G′  dom(b′)  res0)"
:" G	  &	   !  (predb′ ,b′) 	    b′   (predbv ,bv ) 
 (predb ,b)" G		 ! +		 ;    (G1 ∪ G2,b′) 
 #  	
	"
" G	  
      	#  (Gv  dom(bv)  res) ≤ (G′  dom(b′) 
res0)"  γ′b = (Gb  dom(b)  res0) G′v = G1 ∪ (γ′b −→ res)  G′′v = G1 ∪ (γ′b −→ res0)"
, #  (G′v  dom(bv)  res) = (G′′v  dom(bv)  res0)  Gv  G′v

  (Gv  dom(bv)  res) ≤ (G′v  dom(bv)  res)  		 (Gv 
dom(bv)  res) ≤ (G′′v  dom(bv)  res0)" ?   #  	# (G′′v  dom(bv) 
res0) ≤ (G′  dom(b′)  res0)"
  # dom(b)−‖G′‖−dom(b)∪{res0} = G1  G
′ = G1 ∪ Gb 
dom(b)‖G′ ⊆ G′‖ dom(b)∪{res0}  Targets(G1) # dom(b) ∪ {res0}  ! +	
	 :; (G′  dom(b)  res0) = (Gb  dom(b)  res0) = γ′b" ?
Internalize(G′, dom(b), res0) = G1 ∪ (γ′b −→ res0) = G′′v .
? !  : (G′  dom(b′)  res0) = (Internalize(G′, dom(b), res0)  dom(bv) 
res0) = (G′′v  dom(bv)  res0)"

(  ( 	 " , 	#    
 
  
	 	  
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7 " .	  0
	 
 
 
 e 
 
 	
 
 E  	  Γ  E [e] : τ / γ   
	
 Γ′  e : τ ′ / γ′  e  Γ′  e′ : τ ′ / γ′ 
 FV(e′) ⊆ FV(e) 
 Γ  E [e′] : τ / γ
7 ? 
    	#  E [e]"  
  	 #	!
		#  	  ! "	"" !
	 
  &  
$" 
G  	  	 " ,  	 ! 

 ! 	  	
(	 ! 

 ! 	  "  	 	 	     H
 !  
	 	   		" < 
   	  !    b1 = (bv, y  F [A [x]], b)
!
 b2 = (bv, y  F [A [v]], b) 	 v = bv(x)"      
 	  b2 
 		
#     b1 !
 	 
  
 ! v  b2 	   #
 	 x  b1"  	 	 	  !  		 	 #	 

 "
=;
7 # .- 20
 Γ  v : τv / γv Γ(x) = τv 
 Γ  A [x] : τ / γ 
 γ(x) = ∞ 
   γ′v 	 
supp(γ′v) ⊆ supp(γv) 
 Γ  A [v] : τ / γ ∧ γ′v
7 < 
  A "
• A =  v1" , #  	#   
Γ(x) = τ1
ξ−→ τ = τv Γ  v1 : τ1 / γ2 γ1(x) = ∞
Γ  A [x] : τ / γ
 γ ≤ (γ1  1) ∧ ξ @ γ2 	  γ1" , #  γ(x) = ∞"  γ′v = γv  1"
, # Γ  v : τ1 ξ−→ τ / γv  !  ;  ! Γ  v : τ1 ξ−→ τ / γv ∧ γ1" ? 
	#
Γ  v1 : τ1 / γ2 Γ  v : τ1 ξ−→ τ / γv ∧ γ1
Γ  A [v] : τ / γ ∧ γ′v

 γ ∧ γ′v = γ ∧ (γv  1) ≤ (γ1  1) ∧ ξ @ γ2 ∧ (γv  1) = (γv ∧ γ1  1) ∧ ξ @ γ2" G
supp(γ′v) = supp(γv)"
• A = .X " , #  	#   
X ∈ dom(I) γ ≤ γ1 − 1 Γ(x) = τv = {I}
Γ  A [x] : I(X) / γ
 γ1(x) ≤ 0  γ(x) = ∞"  γ′v = γv − 1  γ′ = γ ∧ γ′v"  	 #	
γ′v    	  γv   
  γ
′ ≤ γ" , # Γ  v : {I} / γv  !
 ;  ! Γ  v : {I} / γv ∧ γ1" ?  
 	#
X ∈ dom(I) Γ  v : τv / (γ1 ∧ γv)
Γ  A [v] : I(X) / (γ1 ∧ γv) − 1
G  	#  γ′ = γ ∧ γ′v ≤ (γ1 − 1) ∧ (γv − 1) = (γ1 ∧ γv) − 1   	#
Γ  A [v] : I(X) / γ′"

7 % .= 20
	 Γ  e : τ / γ Γ  e′ : τ / γ′ 	  γ′ = γ ∧ γv   γv  Γ  L [e] : τL / γL 

   γ′v   supp(γ′v) ⊆ supp(γv) 	  Γ  L [e′] : τL / (γL ∧ γ′v) <
γL ≤ if∞(γ)
7 < 
  L "
• L = v " , #  	#   
Γ  v : τ ξ−→ τL / γ1 Γ  e : τ / γ γL ≤ (γ1  1) ∧ ξ @ γ
Γ  L [e] : τL / γL
G	 γL ≤ ξ@γ ≤ if∞(γ)"   γ′v = ξ@γv" <  @ ξ@(γ∧γv) = ξ @γ∧ξ @γv"
?  !# 
 	# Γ  L [e′] : τL / (γL ∧ γ′v)" , # supp(γ′v) ⊆ supp(γv)"
• L =  e1"  	#   
Γ  e : τ1 ξ−→ τL / γ Γ  e1 : τ1 / γ1 γL ≤ (γ  1) ∧ ξ @ γ1
Γ  L [e] : τL / γL
 τ = τ1
ξ−→ τL " G	 γL ≤ (γ  1) ≤ if∞(γ)"  γ′v = γv  1" , !# 
 	#
Γ  L [e′] : τL / γL ∧ γ′v  # supp(γ′v) = supp(γv)"
==
• L = .X  	  γ′v = γv − 1"

7 ! .A  20
	 Γ  e : τ / γ Γ  e′ : τ / γ′ 	  γ′ = γ ∧ γv   γv  Γ  F [e] : τF / γF 

   γ′v   supp(γ
′
v) ⊆ supp(γv) 	  Γ  F [e′] : τF / (γF ∧ γ′v) <
γF ≤ if∞(γ)
7 < 
  F "
• F = " '  γ′v = γv"
• F = L [F1 ]" , #  !	# Γ  F1 [e] : τL / γL " < 
  γL ≤
if∞(γ)  	 ( γ′′v   supp(γ′′v ) ⊆ supp(γv) 
  Γ  F1 [e′] : τL / (γL ∧ γ′′v )"
< +		 >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